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INTRODUCTION

.THE genetrcal studres have generally : concerned themselves wrth the

‘Mendelian characters' and quantitative; characters of" populatrons wlnchii .
‘are subrected ‘to ‘only. one. system- of mating—such as complete cross-.
‘ vfertllrzatmn or 1nbreed1ng such as complete self-fertilization. . :

In ‘plant populatrons of 1nterest to the breeder complete self fertl-f\
lization or complete, cross-fertrhzatron is “seldom found "There " are-
crops like rice ‘and wheat which are’ hrghly but not completely self-"-
fertilized,- crops like cotton .which aite moderately self-fertilized and:

- crops like various ‘brassica’. species. or maize which are largely cross-- .
fertilized. The study of plant: populatwns in which both self and cross-;i,,
' fertilization at random .obtain in. varying . degrees, in tegard to - their’ -
- genotypic composition, variability and fnean values in successrve genera-- .
--tions is, therefore, of very consrderable theoretrcal as well as pracucal}'

interest in relation to breedmg

A beginning was ‘made in’ thjs di"rection'concernmg the g'enotyprc;"
composition . when- Garber (1951) dealt with the approach to equili-
_ brium with varying percentages ‘of cross and self-fertilization in the case
of one ‘autosomal -gene pair for the, mrtral populatron having. the ‘geno<"
- typic ‘composition as PLAA - 2pg. da+ g.aa, Wwhere p and g are: -

the gene frequencres of the alleles ‘A’ ‘and ‘@’ respectrvely

Bennet and Brnet (1956) consrdered the association between v
Mendehan factors for two pairs of genes with mixed selfing.and cross- -
fertilization in equ111br1um They concluded that -when equilibrium

is reached the gametic frequency is equal to the product of the propor—.;

‘tions of the corréspording genes taken separately, ‘whereas the genotyprc S
. frequency is-not equal to the product of- the frequencres Of genotypes i
at. separate 1001 ~ L e R
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The present mvestrgatron was undertaken “to study the plant
populatrons subjected to self-and cross-fertilization at- random in vary-
ing dcgrees,” in respect of their genotyprc ‘composition - in -successive
. generations, their approach to equilibfium and association ‘between
. factors for- the general case of 'k locr and also to study the mean
values and genotyprc varrabrhty “in successrve generatrons

In the. present study it has been assumed that at each stage of matmg

a proportlon x* of the whole populatron is obtained by self-fertilization .

and the remaining portion ‘y’ (x +y =1) cross-fertilized at random.
It hias also been assumed that the factors mvolved segregate mdependently -
and fertrlrty and v1ab111ty d1sturbances are absent

- GENOTYPIC COMPOSITION AND ASSOCIATION OF FAcroas

An attempt- has been made here to obtam frequencres of the’
various genotypes in the n-th generation of mixed selfing'and random
. mating in an arbitrary initial population for . different .number of
1ndependent1y segregatmg factors or locr

Let f™;x... be the frequencres of the various . genotypes in the'
_n-th generation - of mixed breeding, where the suffixes correspond- to
the various -gene pairs 4-a,  B-b, Cte, etc., involved—each - taking
the values 0, 1, or 2 dependrng upon the number of dominant alleles of
" the factor present in the- genotype, e.g., in the case of three factors:
fmqp is the frequency of the genotype"aaBbCC’ in the n-th generation.
fO,,... are the frequencres of the correspondmg genotypes in the
" initial populatron :

~ Also, 'let' R™,,... be the resulting proportions in n-th generation
of the correspondrng genotypes when the population ift (n - 1) th
generatron is subjected to random matmg alone. - '

Single fartor A—a —The frequen01es of the three genotypes AA
Aa, aa, in the n-th generatlon are given by:

fot. = yR,™ _|_ x(f(n—n + % f(n—n)
f (n) A= (") + f (n-1),
S = yR.,<"> Fx (L + 11 <»—1)

By substrtutlng the successrve values of f s, ~these equatlons can
be wrrtten as : ‘
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f ™ _ yE 'R L1 xnf(()) + {x" B (;)ﬂb}f;gm :

n—1

Ot —@}

o

where

Ry™ = p*(4), for all n,
T R™M=2p (A)p(a) for all n, A
PA =L+ 1L p@)=f0+ 10,
hence, . ' ..
=t 41 e - (o
X
{ X 1 X y( ) 25 (A
it — 5 p(4)p @
'fo‘") _ (1 _ xn) pz (a) + xnﬁ’(b) + ;’ . {x" _ (g)"}fl(o)
1 T (D)
x " X" y(g)" P |
Hlitn =2 5[ 2Wr@
and ' | :
1— (%Y : !
fim =4y {T(Z—)}P(A)P(a)%-( HO. . J‘
In the hmltmg case when n —> oo |
1 =P W4 5 @
o =295 (45 @) | @

It is interesting to observe that genotypic frequencies in the limit-
ing case are independent of the initial genotypic frequencies and are
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- functions of :gene frequencies and proportion of selfing, and are in

equilibrium. These genotypic frequencies in equilibrium are the same
as -obtained by Bennet and Binet (1956).

Two factors: A-a, B-b.—There will be nine ‘genotypes in all for
two factors with two alleles per locus. The genotypic frequency of °
a double heterozygote ‘AaBb’ is given by

x
Su™ = yRy"™ + (Z>f11(,,_1),
putting successive values of f7s,

fal =y Z @) ra e () a ©

m™=o

To obtain the values of R’s we require gametic frequencies which

are given below,

Let p, (4B), etc., be the proportions of gametes (4B), etc., in the
n-th generation. The recurrence relation for gametic frequencies is

s (4B) = (3) (2w (4B) + 5 () p (B} + 37, (4B)

— (1 ——%)pn (4B) + % .2 (4)p (B).

Hence, if

L,(AB) = ps(4B) — p(4) p(B)

=(1=3) LB = w L, 4B),
where u =1 — y/2, then ' . o \
pun (48) = o (48) = (3) s (4B)
C =py(4B) = (1 — w¥) Ly (4B).

Therefore,

Ry = 2 [pna (4B) ps-1 (ab) + pa-y (AD) pu-y (aB))

= Ry™ —2 (1 — u™Y) [py (4B) Ly (ab) + po (ab) Lo (4B)
4+ po (4b) Ly (aB) -+ py (aB) Ly (Ab)] ,
+ 2 (1 — Y2 [Lo (4B) Ly (ab) + Lo (4b) L, (aB)].
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The proportion of a single heterozygote, say ‘4A4Bb’, in the n-th
generation is given by -

Ju™ = yRy™ + (%)fax‘""n + (%c)fn("'“

- 2( o 9 R

n—1

(y)Z{( - (@) o @

A

where
" Ry = 2p, (4B) p, (4b)
= Ry™ — 2(1 — u"™) [ po (4B) Ly (45)+p, (4b) Ly(AB)]
+ 2(1 — w12 L, (AB) Ly (4b) |
and Ry, as obtained earlier. '

The proportion of a double homozygote, say ‘AABB’, in the n-th
generation is given by .

Sao'™ = YR5™ + xfp," 1 + %(ﬁu(""n +f1a" ) + %fn‘""l)

putting the successive values of f’s on the R.H.S., we have

™ __ly z X" Rgp ™) - x" 5,00 . ( ){xn _(2) }(fzx(o)—{-f;.z(o))

(y)Zl {x —( ) (™ + Ryy)
@)@}

L )7 e
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o (12)Z -G } R0

) Z A ) -G
()
where '
Ry = R’n-i (4B) = Rpe™ — 2(1 = 4™ po (4B) Ly (AB)
+ (1 — w12 L2 (4B)
and

b
Rn™, Ryup™ and Ruy™

have been obtained earlier.

The frequencies of other genotypes can be eas11y obtamed by proper
substitution of suffixes.

The limiting genotypic frcquencies are given by

fu =B =2 (4 p @ p (BYp )

fam ==, (A)p(mp(b)

+% 2 @r@p @0

©
Sl = p* (D) (B) + 57— (p (D p )+ p @ p (B}

X pp® + ST

X p(4)p(@pB)p®).

This shows that limiting genotypic frequencies are independent of the
frequencies in .the initial population and are in equilibrium.

Three factors: A-a, B-b, C-c.—The frequencies of occurrence of
genotypes, say ‘AABBCC’ (triple homozygote), ‘AABBCc’ (single
heterozygote), ‘AABbCc’ (double heterozygote) and ‘4aBbCc’ (triple
heterozygote) in the n-th generation are given by
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S22 = YRoza™ +xfp0n " '9‘2 (fzz:.(""l)‘*‘flzz("_l);*'fz}.z("'l))
+ 1—3:3 ( fzn(""l’i + faa™ P+ fu™Y) F é‘;fnl('—” |
Sou™ = YRy + gfzzl("hl)—i“'% (fzu“"l)+f121("'1))+%2f1u("—1)

L ox X .o
Sou™ = YRy, ™ 4+ Zfzn‘"”l) + Rﬁu‘ -

5,

and

x —
S = YR + gflu(" 1

where the values of R’s are given as follows: ,
Rygp™) = p?1 (4BC) o
Rpo1™ = 2pu (ABC) pyy (ABC) 1
Ro™ = 2 [pos (4BC) pres (ADE) -1y, (A B0) Presy (45C)]
Rin™ = 21{pwa \ABC) D1 (abc) -+ pu-y (ABc) py—y (abC)
+ Pu-1 (ADC) pys (aBc) + pu-y (aBC) ppey (4b0))]

where p, (4BC) are the gametic frequencies of the gametes (4B8C), etc,
in the n-th generation and are given by

M

poia (4BC) = (x +2) pu 4BO)+ (%) Z P (4) pa (BO), ete,

Tet . :
Lo (ABC) = p, (4BC) — Zp(d) L, (BC) — p (4) p (B) p (C)

then,

L, (48C) = (x +2) pus (4BO)
+2 ) D (DL (BO) + 2 (B)p (C)

=)@ (5+3) Lm (B)—p (4)p )7 (©

= an'l (ABC) = 'Un.Lo (ABC)
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where
v = x + y/4

Therefore,

pus (ABC)=v.5, B0y+(}) ) p (O GO+ (B2 (O

= 1p, (ABCO)+%p () p (B)p (C) = Ly (BC),

which in terms of the initial values is .
Pui1 (ABC) = w1 py (ABC) + (1 — ™) p (4) p (B)p (C)
— (u"+1 — P L, (ABC)

¥

where
u=x+y/2.
v=x-+yl4 .~
In the limiting case, when n — oo,
P (ABC)=p(A)p(B)p(C)
which shows that the gametic frequency is equal to the product of the

Substituting the values of p, (ABC), etc., in (7) we can obtain the
values of R’s in terms of the values in the initial pqpulation.

Let ¢ be defined as the frequency of any i-facter heterozygote,
ie., a genotype in which i-factors are in heterozygous state aud- the
remaining homozygous (i=0, 1, - - k), in the n-th generation of a mixed )
selfing and random mating populatlon and ¢ ™ as the resulting propor-
tion of the corresponding genotype in n-th generation when there is
only random mating in the (n — 1)-th generation. L e

" Further, let ¢ ;™ (i>j) be defined as the sum of the proportions
of those i-factor heterozygotes in the n-th generation which would give
rise to the desired j-factor heterozygote in the next generation when
subjected to self-fertilization, e.g., Fol™ D and fi ™ are the propor-
tions of those two factors heterozygotes A4ABbCec and AaBBCc in
(n — 1)-th generation which can give rise to the single heterozygote
‘AABBCc’ in the next generation when selfed. Therefore in this case

$2a" Y =fou" M + f m('“_”‘;
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The frequency of the occurrence of genotype ‘AABBCC’ in n-th genera-
tlon is given by

" fae™ = YRope™+Co0 fra2 " V€0 (fan™ Y - fore D+ fiae D).
+ o (fora "™ + fra D +ﬁ12("_1))+0qof "
‘where .
.fc;, =x.)'@"; i2j=0,1,2 - k, k=number of factors.
In the new notation this can be written as ‘

$o™ = Po.o™ + Cooboo™ ™ F Cropy0™ + Czp‘}sao("-l)
+ Co 0" (8)

where i;;’s are similar to ¢,;’s with the only difference that /s in ¢,’s

are to be replaced by corresponding R’s. The values of ¢,,’s and ;s -

will be different for different genotypes. For particilar homozygote
“A4BBCC’, * |

P00V == foga™ D) = oD
$1,0" D = foo ™D A 0D L f, 12(1:.-'1)
g™V = Lo,V 4 fin™ Y - [V
¢s 0(""1’ = fiun™ = ¢y,
Now -
4, (n-1) — f221(n -1) +f122 (n—~1) + f (n..1)
putting the values of f s

$r.o" Y =J"/’1.0("'1) + 8110810 + Sa1.082.0" P + Sa1.083.0"2
= Yio™ + eihro™ P + Sar.082.0"? + Sgy.085.0 2

where |
B = (: ) Cre} 2 t=0,1,2-k k= number
of factors. ' -
Orrt = Crry
similarly

oo™ = o o™V 4 8000 - 83008502
= P, o™V + Cobao™ P + S30.085,0" >,
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Putting the successive values of ¢’s in (8), we have

n—1 )
g™ =y X (Coo) oo™ + (C00)"Pow0'” + Cr00901 P10

r=0
n—1 .

+y 2 cipwe o™
r=]l -

n—1 . .
+ {,"20’-"02(")‘+ 801010 & w01")(022)""'_1}¢2.o(°)
B =

=1
n—1
+ {c20' 5 wgp M "
=1
n—2 . T (
+ 8y.0C10 & a2 (Cag) gy ')}
r=1 =1

U '
+ {Caowoa(") + 2 S0t X (Caa)" ™ tewgs!"
. i r=1

i=1,2

' V’n—‘z r .
=+ 832.0021.0C10 21 2 (ca) "2 ("22)“‘001(')} $5.0”
= . .

a=1

n—1
+y [cso Z:l wog Mg o™
.=

n—2 ' r '
4 T SgueCio & Yo"V X (C33)™* we®
i=1,2 r=1 =1 .

[\

A ‘él (cas)™* (Czé_)'"'wolm]

©

n—3 .
+ 832.0922:0C10 Z; Yo"
- o -

where

m = e — ()"
Wy =, i#J.

This will give us the genotypic frequency of any homozygote in the n-th

generation. The values of ¢y’ and s to be put in the R.H.S. of
(9) will depend upon the homozygote whose frequency is required.

© . The frequencies of other genotypes can be derived from (9) itself
by proper substitution of suffixes. . Thus, the frequency, ¢, (1), .of any
single factor heterozygote will be .
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n—1 '
¢ M=y 20 (1) 12"+ (€11) 11 Oy 015y O
r=
.. =1
+ yeu X w12(')‘/‘2.1(””)+{CSles(”)+3:2.1czl
r=1

-1 '
X 2 wm(r) (caa)ﬂ——r-—l }¢3.1(0)
=1

n—1

+y [031 g Mg " + 8ga00m

r=1

n—2 r

x T3 (css)':’wn'*’%_,‘“fﬂ’];

r=1 g=1

similarly,

n—1
¢ ™ =y 'Z.: (020)"2hz, 5" + (€22)"P2.2" + €393y
re ’ : B

i

1
- —r)
+ Yeae < Wy Mg o (")
r= .

and
¢ =y 2 (033)'1/13 3™ 4 (C<3) $as (¥

So far we have obtained the genotypic frequencies in the »-th generation
for one, two and three independently segregating factors with arbitrary
initial _populatxon As the number of factors increases, the algebra
becomes more cumbersome and the recurrence relations for gametic
frequencies itself get more complicated even for random mating. As
such it was not feasible to work out the genotypic frequencies in the
general case of k-factors for arbitrary initial population. The results
for the particular case of panmictic initial population are discussed
in the next section. :

Genotypic Frequencies and the Association of Factors for the
Panmictic Initial Population 1 . v

"The initfél 'popiilatjoh considered is

H[p A . AA+2p(A)p(a) . da +p*(a) . aa] : (10)

With -this as the initial population the gametic frequencies under mixed
selfing and random mating will not change from. generation to genera-
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tion and will be the same as in the initial population becasue "Ly (4B),
L, (ABC); etc., will vanish and therefore,

R(")“k oo = R(]i).'ﬂ; — 'f;(o)“.k et
where £, ....”s are given by (10).

Single factors, k = 1.—The initial genotypic frequencies are given
by p%(A4) . AA+2p(A)p(a) . Aa -+ p*(a) . aa. Substituting these

values in (1), we have
f = 1-G)}rwr@
fin =21 .~2—‘_"_~x{1 -G Hewr@ - ap

fin=pr@+5% {1 - (5} rr@

The frequencies in equilibrium are already given in (2).

Two factors, k = 2.—Substituting the values of initial genotypic
frequencies given by (10) for £ =2, in (3), (4) and (5) we have

B B e O C
R O
[RE NG

f <">—f22“?’+ e I OSSO
_f[%‘zf—x{l‘(g)"} .
-3 4— A-G) f e a4

.The frequencies in the limiting case are independent of the initial
frequencres and are already given in (6).

= -G Hae

(13)

Three faators k = 3.—Since the values of ’s in the case of pan-
. mictic initial population don’t change with n, ie., are equal to $(’s
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therefore, the equation (9) becomes,

' o™ = ZZ‘P' ) (2) ( "0) (_ )'+0g, (")

i=0 r=0
where _
o= 2 =)+ e
similarly,
(l,l(n) = Z Z ¢1 1(0) (2) ( ) . l)r+lar(n)
icl r=1
-2 £
o= B L wan () (2D
=2 r=2
and

$a™ = ay™ By 50

From these equations it-is evident that in the case of three indepen-
dently segregating factors, the frequency of any j-factor heterozygote
({G=0,1, 2, 3)is given ‘by

¢ = Z Z (%)f-i (; :]7) (;1)r+3af<n)¢;_j<o) (15)

and in the limiting case

= DL e (T 2e) 0o

i=j r=j

The genotypic frequencies obtained earlier for one and two segregating
factors can also be Wntten in this form.

k-Factors.—From the genotypic frequbncies obtained for one, two
and three factors it can be deduced that the genotypic frequency of any
J-factor heterozygote with mixed selfing and random mating in different
generations, in the general case¢ of ‘4’ independently segregatmg factors
is' .given by
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(n) = Z Z 91’1;“’)( )' (::i) (_‘l)rw a,™ .~

i=§ r=j

L@ ROy o

=0
where

¢, = sum of the genotypic frequencies in the initial popula- -
tion of those i-factor heterozygotes which would
give rise to the desired j-factor heterozygote in
the next generation‘ when self-fertilized. -

'x = proportion self-fertilized.

= (1 —x ) = proportion cross-fertlhzed at random.

In the 11m1t1ng case, the frequency of any J-factor heterozygote is glven

¢<°°)—Z¢<°’,+,,(2) Z()( 1)°-< 2 ) Cay
A 2:+1

These frequenmes are seen to be in ethbrlum. The excess of the
genotypic frequency in equilibrium of any j-factor heterozygote (j =
1, 2 -+, k) over the product of equilibrium frequen01es for genotypes
at the separate loci is glven by

by

H k—9§ 4
Pw (A, Bb -+ JJ; II, KK) — Hpm (Aa)ﬂp«; {n

—M[ WEoL

. r=0 1__‘

o=0 28 .

-] o

which shows that in equilibrium the genotypic frequency is not equal
to the product of the genotypic frequencies at separate loci,

It has also been shown that for an arbitrary initial population

“with one, two.and three independently segregating factors, the limiting’
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frequencies are independent of the initial gemotypic frequencies and
are in equilibrium. These depend only on the gene frequencies and
the proportions of self-fertilization and thus are the same as obtained
for the panmictic initial population having the same gene frequencies.
While this study could not be extended beyond k =3 for arbiirary
initial population, it would appear that the conclusion holds in the genera)
case of k-factors.

MEAN AND THE GENOTYPIC VARIANCE

In any breeding programme it is equally important to have an idea
of the variability that will be present in the population in successive
stages of breeding as is the knowledge about genotypic composition,
Work has already been done in this direction for populations subjected
to only one sysiem of breeding, e.g.; self-fertilization or cross-fertiliza-
tion. But there does not seem to be any study made so far in the case
of populations experiencing mixture of breeding systems. An attempt
has, therefore, been made here to fill the gap to some extent by obtain-
ing mean values and the genotypic variance in successive generations
of a population undergoing- mixed selfing and random mating,

In the discussion that follows, in addition to the assumptions made

earlier, it has also been assumed that factors or loci are additive in

action. This assumption is justified on the consideration that actions
of genes can be made additive approximately by suitable transforma-
tion of the scale and even if there is small deviation from additivity it
would show effects similar to those of environments (Fisher, 1913).

For the purpose of present study the initial population has been
taken as - : ; : :

I [p* (4) . A4 + 2p (4)p\a) . Aa+ p*(@) . aal.

Single factor, k = 1.—Let d,, h,, —d, be the average effects of
three genotypes AA, Aa, aa respectively for the gene pair 4-a,
measured from the mid-parental value. Then the mean i, (4) in the
n-th generation is -given by

o (A) = (/i = £™) dy + f\®h,,

where £;”, i, £, have been obtained earlier in (11).
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The'refore,- ' ‘ ' '
pn (A) = p(Ay—p (a) d, + ZP (A)P (@) h (1 21,.)

—h )= Wp@h @)
where

X

—_2L ,‘foralll,:nandx-
x : 3 -
2

and the genotyplc variance, V, (A) in’ the n-th generation is- given by -
Va(d) = (£, +fo‘"’) dq? +f1""h 2 — {un (A)}?

=(1—22,) V(4 + 813 (A p (a) z4ds* + 8p* (4) ;
X p? (@) 2y (1 — 22,) hy? C@D:
" where _ ' ‘. : _ ' o

Vo(4) = 2p (4) p @{ds — p(4) — p @ ha}?®

+ 4p* () p* (@) ha?.

No dominance: (h = 0). —In the absence of dominance ,
{Pn (Aes = p () — p(a) d = {po (4)}aa - (22) I

where the suffix ‘ad’ stands for absence of dommance and

- (JH |

2p (A)p (a) ds?

’ {Vn (A)}od —.

el '
= (2)
- 1 -

{Vo (A)}ad ‘ , (23)
5 ) i .
In the limiting case

Ve = p D P @A =2 e @)

In. the absence of dominance, therefore, mean does not change !
and retains its initial value, whereas the genotypic variance increases -
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from generation to generation and also with the increase in the per-
centage of selfing.
Comple'ié dominance (h, = d,):
by (D}ea =0 (D) —p@ +2p(Dp @1 —22,}d,
= {IU‘O (A)}cd - 4~7up (A)P (a) da (25)
where suffix ‘cd’ standsv for complete dominance.
{'Vn(A)}cd = (1 - 221;_) {VO (A)}rd + 82111’ (A)p (d) da2
_ +8p?(4) p* (@) 2, (1 — 22,) 4,2
VoD = 4p* @ {1 — p* (@)} d,?
Hence, . .
{Va(D}ea = {Vo (D}ea + 8p (4) p (a) 2,d.2
X{p@)—p@+2p(DHp@(1—2z)} (26
‘ {Vn (A) - Vu-’l (A)}cd
= 8p- (A)p ((l) da2 (Zn - zn—l)
X {1 —=2p%(a) — 2p (4) p (@) (2, + 2,0}
= ?’P (A)p ((Z) da? (Zn - Zn-'l) s
X {p (A) —P ((l) + 2P (A)p (a) (1 — Zp — Zn-_'l)}°

It is evident from these equations that in the presence of dominance,
the mean value decreases with the increase in the number of generations
and also with the increasing percentage -of selfing.

The genotypic variance decreases with the number of generations
if p¥(a)> %, i.e., proportions of recessives in the initial population
is equal to or greatér than one half. It increases steadily in successive
~ generations if p (@)< L.

The influence of gene frequency and proportion of selfing on geno-

typic variance for different generations (n =1, 2, 3 and oo) relative to .

the initial genotypic variance is given in Table I.

Two factors, k = 2.—The meanu, (4, B) and genotypic variance
V. (4, B) in the n-th generation for two pairs of genes A-a and
B-b is given by

pa (4, B)= Z{ " — fo,") ds + OR);
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'

where

fo. = foa + for + foor etcC.
b oy (A, B) = Hn (A) + (B) . . _
B = 1o (4, B) — 4z, {p (4) p (@) hs + p (B) p (b) I}
where d,, h,, —d, are the average effects of genotypes BB, Bb, bb for -
the gene pair B-b, measured from the .mid-parental value.
Va4, B) = LD + £ = (A — B 4.0
+ £ (L — 1) B = 2daha (21 — o)
+ 2hhy (fuu™ — AL M)
=V, (4) + V. (B)+ 8\p (4) p (9) p (B) p (B) hahts

RN IO .

() U
YT g 2,

and is depicted graphically in Fig. (1) for different vahie_s of n and per-
centage of selfing. A, measures the difference between the frequency

where

Ay =

A5
= 00
*3)

or V=2

I3
(< nat
*O5f
o

0. 20 40 60 80 100
Percentage Setf-ferttli‘gation

Fic. 1. Effect of proportion of selfiing on ‘A,’ in different generations,



TAﬁLE I

(41!

Influence of the gene frequency and percentage selfing on the relative change in the genotypic variance (V,, — Vo))/V,

|

in different generations (n) from segregation of one factor.subject to complete dominance (d = h = 1) %z
\ 3
Percentage selfing 5
g=p(@ n ——— : : 2
. Co10 D -20070 30 40 50 60 70 80 920 . 100 =
:\"*-\.m : . ) ] :1
™ . - - &
-1 1 0443 0-383 1-318 1-749. 2-176 2-599 3-018 ° 3-433 3-843 4-250 §
2 0-465  0-970 1-512 2-091 2-704 3-350 4-027  4.372 5-465 6-222 &
3 0-466 0-979 1-542 2-159 2835 3-572 4-374 5-240 6-172 - 7-169 &
co  0-467. 0-980  1-547  2-176 2-879 3-668 4-560 5-576 6-742 3-091 E,
2 1 0-190 0-377 0-560 0-740 ¢-917 1-090 1-260 1-427 1-590 - 1-750 ;
2 0-199 - 0-4i4 0-641 0-882 1-133 1-394 1-662 1-938 2:217 2-500 o
3 - 0-200 0-417 0-654 0-91C 1-187 1-482 1-798 2-132 2-482 2:844 &
oo 0-200 0-418 0-656 0-917 1-204 1-520 1-871 2:259 2-690 3-167 (Z;
. . , ‘ ' (=g
3 1 C-104 0-205 0-303 0-399 0-492 0-582 0-676 0-755 0-837 0-917 o
2 0-109 0-225 0-347 0-474 0-604 0738 0-873 1-008 1-143 1-274 =)
3 0-109.  0-227 0-353 0-488 0-632 0-783 0-940 1-102 1-266 1-427 2
oo 0-109 0-227 0-354 0-492 0-641 0-802 0-976 1-162 1-360 1-564 . @
>
-4 1 0-060 0-117 0-172 0-226 0-277 0-326 0-372 0:417 0-460 0:500
2 0-062 0-128 0-197 0-267 0-338 0-408 0-478 0-546  0-610 0-670 =
3 0-063 0-130 0-200 0-275 0-352 0-432 0-512 0-591 0-666 0-734 &

oo

0-063 0-130 0-201 0-277.  0:357 0-442 0-530 0-619- 0-707 - 0-786
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— 066
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—-043
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—+093
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. 0-079
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—-013
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—+056
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0-220 0-255 -
0:-224 . 0-262
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—-001 —-016
—-020 —-030
—-024 —-038
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—-068 . —-082
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—-100 —-130
. —2104-- — .-m—,m”\\l!..
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.—-165 —~-205

0-213

0-269

0-286
0-296

0-077
0-085
0-085
0-083
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—-046.

—-058
—-067

- —-096
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—-164

- =180
153

—-220
—-247
—-265

0-232
0293 ' 0-312
0-311  0-328
0-342  0-333
0-081  0-083
0:084  0-078
-0-079  0-064
0-071  0-042
—-029 —-036
—-064 —-087
—-085 —-120
—-104 —-160
—-110  —-012
—-174  —-208
—-206 —-255°
=337 203067
—-174  —-194"
—+259"  —.302-
—:299 —.358
—332
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of double heterozygote in n-th generation for two independent loci
and the product of the frequencies of single heternzygotes at these two
individual loci expressed as a multiple of dp (A)p @ p B)p (). = .

A, is a non-negative quantity which vanishes for x =0, y =1, ie,
complete cross- fertlhzatlon and for y = 0 x = 1, ie., complete self-
fertilization.

It is obvious from the expressions for mean and the genotypi¢
variance that mean value due to two factors segregating independently
in a population undergoing mixed self-fertilization and random mating
is equal to the sum of the means due to each factor separately, Whereas
in the case of genotypic variance in addition to the sum of variances
due to each factor separately, there appears another term which
vanishes in the case of complete cross-fertilization, complete self-ferti-
lization or in the absence of dominance.

Thus the usual assumption that variance due to independently
segregating factors is equal to the sum of variances due to each factor
separately is subject to limitations—uwiz., it holds good only when the
population is experiencing only one system of breedmg or when there
is no dommance

No dominance: (hy =hy = 0) :— .

{tn (4, Blaz = (o (4, BYlaz = Z p(A) — p@) d, 3

2\ .

{V,,(A, B)}ad =4 ""‘2"_’?”;"" {ZP (A)P (a) daz} ‘

] x L1
L= (2)

=== {Vo (4, B)}u.

and

=2,

In the limiting case
2
{Voo (A> B)}ad = 2—_‘—x {VO (As B)}ud-

Therefore in the absence of dominance, the genotypic variance increases
steadily as the proportion of self-fertilization increases. It also increases
in successive generations for a -given amount of self-fertilization.
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Complete dominance: (h, = d,; by = dp).—Let us assume that the
genotypic values and gene frequencies : of the two factors are equal
ie.,

d, = dy =d, say
p@=p@®) =g, say
then, o o
Apa (4, Bl = 2{p — q +2pq — 4pgz.} d where p —1- 4,
{Va (4, B)lea = 8 [g°.(1 — ¢*) - 2pgza{p — ¢ + 2pq (1 — Zn)}]
X d® + 8p%g\,d*

where 8p q2d2A is the additional increase due to mixture of breeding
systems: This additional increase relative to the total genotypic
variarice in different generations (n=.1, 2, 3 and o) is given in
Table II for different values of equal gene frequency ‘g’ ande ‘x the
"fraction self-fertilized. .

So far we have discussed the mean and genotypic variance in suc-
cessive generations for one and two independently . segregating: factors
both in the absence of dominance and complete deminance. The
riieé_m and genotypic variance in the n-th generation in the general case
of ‘¢’ independently segregating factors is given by

pn (4, B, + - K)

@@t @ (2 k)
_ =z'?un(A)fnp(A,B,---,K),—4z,, z‘p(A)p(a)h;g
and - ' :
Vol B K) = BV, (80 50 (p @2 B)p (bi'hahb,

Assuming the genotypic values and gene frequencies of 'diff;:arent
factors involved to be equal such that: R

da"__“.db"'__.'.:dk":d9 say,
hy=Hh, =+ =h=h, say,
pl@=p@)=---=pk)=gq, say, then,



. Additional. increment in genotypic variance due to the mixture of breeding systems relative to the total genotypic

" TasLe II

variance in different generations (n) in the case of complete dominance (d = h = 1), for two independently

. segregating loci (k =2)

~

Percentage selfing

q n — —
10 20 30, 40 50 60. 70 80 90

‘1 1 0012 0017 0018 0017 0-016 0013 0010 0007 0-004
: 2 0014 0-020 . 0-023 - 0-024 0-023 0-029 0-017 - 0-012  0-007
3 0014 0021 0-024 0-026 0-025 0-023 0-020 0-015 0-008

oo 0-014 0021 0:025 0-026 0026 0-025 0-022 0-017 0010

.2 1 0012 0019 0022 0-022 0-021 .0-019 0-015 0-011 0-006
2 0014 0023 0029 0032 0-032 0-030 0025 0-019 0-0lI1

3 0014 0-024 €030 " 0-034 0035 0-034 0-030 0-024  0-014

oo 0014 0-024 0-031 0:035 0-037 0-037 0-034 0-028 0-017

.3 1 0011 0-017 0-021 0-622 0-022 0-020 0-017 0-012  0-006
2 0012 0-022 0-028 0-033 0-034 0-033 0-029 /0-023 0-013
3 0012 0022 0-030 0-035 0-038 0038 0-035 0-028 0-017

oo 0-012 0-022- 0-030 0-036 0-040 0-041 0-039 0-033  0-021

-4 1 0-009 ' 0-015 0-019 0020 0-020 0-019 0-016 0-012  0-006
2 0010 0019 0-026 0-030 0-033 0-032 0-029 0-023 0-014

3 0010 0-019 0027 0-033 0:034 0-038 0-036 0-020  0-018

o 0-010 0-019 0-027 0-034 0-038 0-040 0-035  0-023

©0-041 -

{
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. 0-004
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0-003.

0-003
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0-001
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0-001
0-001

0-012
0-015
0-016
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0-009
0-012
0-012
0-012

0-007
6-009
0-009
0-009

0-004
0-005
0-006
0-006

0-002

-0-003

0-003
0-003

0-016
0-022
0-023
0-023

0-012
0-017
0-018
0-018

0-009
0-013
0-013
0-014

0-006
0-008

0-009

0-009

0-003

0-004
0-004
0-004

6-017
0-026
0-029
0-029

0-014
0-021
0-023
0-024

0-010
0-016
0-018
0-018

0-007
0-011
0-012
0-012

G-003
0-005
0-006
0-006

0-018
0-029
0-033
0-034

0-014
0-024
0-027
0-029

0-011
0-018
0-021
0-022

0-007
0-012
0-014
0-015

0-004
0-006
0-007
0-007

0-017
0-029
0-034
0-038

0-014
0-025

0-030

0-032

0-010
0-019
0-023
0-025

0-007
0-013
0-016
6-017

0-003
0-007
0-009
0-009

0-014
0-027
0-034
0-038

0-012.

0-024
0-029
0-033

0-009
0-019
0-024
0-030

0-006
0-013
0-016
0-019

0-003
6-007
0-009
0-010

0-011
0-022
0-029
0-034

0-010
0-019
0-026
0-031

0-007
0-016
0-021
0-026

0-005
0-011

0-015

0-018

0-002
0-008
0-008
0-010

0-006
0-013
0-018
0-024

0-005
0-012
0-017
0-022

0-004
0-009
0-014
0-018

0-003
0-007
0-010
0-014

0-001
0-005
0-005
0-007
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TAsLE III

Additional increment in genotypic variance due to the mixture of breeding systems relative to the total genotypic

" variance in different generations (1) in the case of complete dominance (d =h = 1) for four independently

[ .

e e , -.._.segregating loci_ (kK. =4)..c. s e

Percentaéé selfing

q n — < :
10 20 3 .40 .50 .60 70 .8 .90
‘1 1 0037 0049 0-053 0-051 0-046 0-039 0-031 0-022 0-0l1l
2 0041 0059 0-067 0-068 0-065 0-059 . 0-049 0-036 0-019
3 0041 0060 0070 0-073 0:072 0-066 0-057 0-043 = 0-024
‘oo 0-041 0-060 0:070 0-074 0-074 0-070  0-062 0-049 = 0-:029
-2 1 0-036 10-055 0-065 0-064 0-061 0-054 0-045 0-032 0-017
- 2 0040 0-066 0-082 0-089 0-09 0-084 0-073  0-055 0-031
» 3 004 0068 0-086 0:096 0-099 .0-096 0-086 0-068  0-040
oo 0-04l  0-068 0-087 0-098 0-103 0-102 0-095 0-078  0-049
“3 1 €032 0051 0061 0-065 0-063 0-058 0-048 0-035  0-019
2 0-036 0-062 G-081 0-092 0-096 0-093 0-083 0-065 0-038
3 003 0064 0-085 6-099 0-107 0-107 0-099 0-081  0-050
oo 0:036 06-064 0-086 0-101 0-111  0-114 0-110  0-094  0-062
-4 1 0026 004 .0:05 005 005 0-05 0-047 0-035 0-019
2 0030 0054 0-073 0-086 0-092 0-091 0-083 0-067 0-040
3 0-030 0-056 0-077 0-093 0-103 0-106 0-101 '0-085 0-053
co  0-030 0-056 0-077 0-095 06:107 0114 ~0-112 0-099  0-067
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0-018 -

0-025
0-026
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0-009
0-012
0-013
0-013

0-051
0-075
0-081
0-083

0-041
0-062
0-067
0-069

0-031
0-047
0-051
0-053

0-020
0-031
0-034
0-035

0-010
0-016
0-017
0:018

0-052
0-082
6-093
0-097

0-042

0-069

0-078
0-082

0-032
0-053
0-061
0-064

0-021
0-036
0-042

0-044

0-011
0-013
0-021

0-022

0-049
0-084

0-098:
0-105 -

0-040
0-071

0-084
6-0%1 "

0-031
0-056
0-067
0-072

-0-021
0039 .
0-047
-0-051-

¢-010
0-020
0-024

10:026

0-042
0-078
6-093

0-106 -

0-035
0-068
0-084
0-094

0-027
6-054
6-068
0-077

0-019
0-038
0-048
0-055

0-009
0-020
0-025
0-029

0-032
0-064
0-082
0:097

0-027

0-056,

0-073
0-083

0-021 -

0-046
0-060
0-073

0-014
0-032

10044

0-053
0-007

0-017 -

0-023
0-029

0-018

0-039
0-053

0-068.

0-015
0-035
0-048
0:063

0-012
0-029
0-041
6-054

0-008
- 0-021
0-030
0-040

0-004
6-011
0-016
0-022
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(?) In the absence of dominance (h = 0) mean does not change
and retains its -initial . value, and the genotypic variance is given by

X ’;+1 ‘
- (5)

. 2
g 4kpqd®.

{Vn (A: -B: e K)}ad =

This increases from generation to generation and also with the increasing
amount of self-fertilization in any given generation.

(i) In the presence of complete dominance (4 = d), the mean
and genotypic variance is given by

{.u'n (A, B, °* .3 K)}Od = {au’() (A{Bs v '5 K)}Od - 4qud ’ Zﬁ

which decreases in successive generations and also for increase in the
proportion of self-fertilization, and

{Vﬂ (A, Bs Ty, K)}t,d
= 4kd® [q* (1 — ¢°) + 2pgz, {p — q + 2pg (1 — z,)}]
' + 4k (k — 1) pgPd2a,.
The additional increment due to mixture of breeding systéms,
relative to the total genotypic variance is .
(k — 1) p*q®A,
9* (1 — ¢%+2pqz, (p — q + 2pq — 2pqz,) + (& — Dp*gh
The relative additional increments in different generations for k& = 4

and k=6 have been tabulated in Tables III and IV, whereas for
k =2, these increments are given in Table II. '

It is evident from these tables that:
(i) the additional relative increments increase with factors ;

(#) are higher for intermediate gene frequencies than for the extreme
values; and

(iii) are higher for intermediate proportions of self-fertilization
than for extreme values.

The increment for a given amount of self-fertilization reaches its
maximum very rapidly and there is relatively small increase thereafter.

The maximum values of these additioﬁal increments up to six
factors are given in Table V. The maximum additional increase for
k = 6 is of the order of 18% of the genotypic variance,



TABLE IV »

Additional increment in genotypic variance due to the mixture of breeding systems relative to the total genotypic
variance in different generations (n) in the case of complete dominance (d = h = 1), for six independently
segregating loci (k = 6)

Percentage selfing

q n -
10 20 30 40 50 60 70 80 90
-1 1 0-060 0-080 0-085 - 0-082 0-074 0-064 0-051 Q0-036 0-019
2 0-066 Q-095 0-107 0-109 0-104 0-094 ¢-079 Q0-058 0-032
3 ¢-066 0-097 0-111 0-116 0-114 0-106 G-091 0-070 ¢-040
oo  0-066 0-097 0-112 0-118 0-118° 0-112 0-100 0-079 0-048
-2 1 .0-059 0-088 0-101 0-103 0-098 0-087 ¢-072 0-052 0-028
2 0-066 0-106 0-130 0-141 . 0-142 0-133 0-116 0-089 0-051
3 0-066 0-109 0-135 Q-150 0-156 0-151 0-136 Q-109  (0-065
co  0-066 0-109- 0-136 0-153 0-161 Q-160 Q-149 0-124 0:080
3 1 0-052 0:082 0-098 Q0-104 0-101 0-093 0-078 0-058 0-032
2 0-058 © 0-100 0-128 0-144 0-150 0-146 0-131 0-104 0-062
3. 0-058 0-102 0-134 0-155 0-166 0-167 0-155 0-128 0-080
co  (0-058 0-102 0-135 Q0-158 0-172 0-177 Q-170 0-147 0-099
-4 1 0-043  0-071 0-087 0-095 ¢-095 0-088 0-076 0-057 0-032
.2 0-049 0-087 0-116 Q-135 0-144 0-144 .0-132 -0-107 0-065
3 0-049 0-089 0-122 0-146 -0-161 Q-165 0-158 - 0-134 0-086
oo 0-049 0-090 0-123 0-167 Q-176 0-174 Q-155 0-107

0-149
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TABLE V

. Maximum values of the additional inérement upto six-factors felative to the g'enotypiovarianc‘e

o o in different generations (n) ' '

k| 2 4 6
Come- 1L 2 3 oo 1 2 3 oo 1 2 3 7

g- - 03 03 03 03 5_0-3 03 03 03 .03 03 03 03
Percentage - © 40 50 55 60 40 . 50 - 55 .60 4 50 . 55, 60
selfing f S : ' Lo ‘
Maximum 2:25 3-41  3:-85 4-12 6-47 9-59 1072 11-43 = .10-35 15-03 ~16-68 17-70
values %4 ‘ : . : ' ' ..
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SUMMARY

In the present paper a study has been made of the plant popula-
tions experiencing self and cross-fertilization at random, in respect
of their genotypic composition, their approach to equilibrium, mean
values and genotypic variability in successive generations in the general
case of several independently segregating factors.

Regarding the genotypic composition, the study has been made
upto three factors for the arbitrary initial population which has been
extended to the general case of k-factors for the panmictic initial popu-
lation. In the former case it has been observed that the limiting geno-
typic frequencies are independent of the initial frequencies and depend
only on gene frequencies and amount of self-fertilization and are in

equilibrium. The equilibrium frequencies in the general case of

k-factors in an arbitrary initial population would, therefore, seem to
be the same as obtained for the panmctlc initial populatlon with the
same gene frequencies.

The expressions for the mean and genotypic. variance in the
nth generation have been obtained for the panmictic initial popu-
lation in the general case of k-factors. It is observed that usual
assumption that the variance due to several independently segregat-
ing factors is equal to the sum of the variances due to each factors
separately does not hold good in the case of mixed selfing and random-
mating population and is true only when there is either one breeding
system in operation or when there is no dominance. It is, therefore,
evident that trend of changes in the genotypic variance due to several
factors cannot be predicted from the behaviour of a single factor
because of the appearance of an additional term in the expression

for the genotypic variance.
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