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'V'"*' • / .INTRODUCTION'

•The goietical studies: haye generally i| concerned themselves with theli .
Mendeliaii characters and quantitative'characters of populations which!^ .
are subjected to mly one . system.of mating—such as complete cross-:
fertilization or inbreeding such as complete self-fertilization.

In plant populations, of interest to the breeder, complete self-ferti- '^
lization or complete; cross-fertilization is seldom found. There'are-
crops like rice and wheat which arelhighly.but not completely self-
fertilized, crops like cotton which ate moderately self-fertilized and ;
crops like various 'brassica', species..or maize which are largely cross- '
fertilized. The study ofplant populations in which both- self and ctoss-il
fertilization at random obtain in "varying degrees, in regard to theiri
genotypic composition, variability and mean values in successive genera
tions is, therefore, of very considerable theoretical as well as practical5
interest in relation to breeding.

A beginning was made in this direction concerning the genotypic
Composition., when Garber (1951), dealt .with the approach to equili
brium with varying percentages of cross and sdf-fertiUzationin the case
of one autosomal gene pair for the initial population haying the geno- ;
typic composition as p^.AA'±2pq:Aa+~q^.aa, where /> and q are:
the gene frequencies of the alleles 'yl'i'and 'a' respectively.

Bennet and Binet (1956) considered the association between"
Mendelian factors for two pairs of genes with mixed selfing arid cross-:
fertilization in equilibrium. " They concluded that ,when equilibrium'
is reached the gametic frequency is equal to theproduct of the propor-.
tidhs of the correspoildini genes taken separately; whereas the genotypic' I"
.frequency ismot equal to the product ,of the frequencies pf genotypfes
at separate loci.
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The present investigation was undertaken to study the plant
populations subjected to self and cross-fertilization at random in vary
ing degrees,- in respect of their genotypic composition in successive
generations, their approach to equilibriuni and association between
factors for the general case of 7c locij and also to study the mean
values and genotypic variability Jn successive generations. ;

r. In the present study it has been assumed thatat each stage ofmating
a proportion of the whole population is obtained by self-fertilization
and the remainmg portion V (^ + :>'= 1) cross-fertilized at random.
It has also been assumed that the factors involved segregate independently
and fertility and viability disturbances- are absent.,

Genotypic Composition and Association of Factors

An attempt has been made here to obtain' frequencies of the'
various genotypes in the n-th generation of mixed sdfing .and random
mating in an arbitrary initial population for/different number of
independently segregating factors or loci.

Letbe the frequencies of the various genotypes in the
«-th generation of mixed breeding, where the suffixes correspond to
the various gene pairs A-a, B-b, C^c, etc., involved—each taking
the Values 0, 1, or 2 depending upon the number pfdominant alleles of
the factor present in the genotype, e.g., in the case of three factors;
/<"'oi2 is the frequency of the genotype;'aa£6CC' inthe «-th generation.

are the frequencies of the corresponding genotypes in the
initial population.

Also, let be the resulting proportions in «-th generation
of the corresponding genotypes when the population in _(« —l)-th
generation is subjected to random rriating alone.'

Single factor : A~a.—The frequencies of the three genotypes AA
Aa, aa, in the «-th generation are given by:

fM, = yR^in, + ^

yi'") = yRx"" +

By substituting the successive values of/'s, these equations can
be written as
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r=0

; Hm-m etc.,

where

(A), for all «,

iJi'"' = 2p (A)p {a), for all n,

P (A) =/2'°' + W ; P (a) =/o<'" +

/,(-•) =(I _x'')pHA) + +5. {x" - {fj]A

•(1)

hence,

and

+
JC 1

.4 - 2x 2 2-x
[2p{A)p(a)

7„(n) = (1 _ (a) + + 2•

+l4^;c -I+

/i'"' =4;; |_^k (a) +(j)"/i«".
In the limiting case when n -> 00

/r' =P'(A) p{A)p{a)
2-x

/„<") =p'' {a) +2^/' iA)p (a).

0)

(2)

It is interesting to observe that genotypic frequencies in the limit
ing case are independent of the initial genotypic frequencies and are
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fimctions of gene frequencies and proportion of selfing, ajtid are in
equilibrium. These genotypic frequencies in equilibriurn are the same
as obtained by Bennet and Binet (1956).

Two factors: A-a, B-b.—There will be nine genotypes in all for
two factors with two alleles per locus. The genotypic frequency of
a double heterozygote 'AaBb' is given by

/u"" +

putting successive values of /'s,

/u"" =J {fjRn'"-" +(f)"/u"" (3)
r«0

To obtain the values of i?'s we require gametic frequencies which
are given below.

Let p„ (AB), etc., be the proportions of gametes (AB), etc.. in the
«-th generation. The recurrence relation for gametic frequencies is

Pn-^i Qj {p„ (AB) +p(A) p(B)} +xp„ (AB)
^(^l-l)p„iAB)+^.p(A)p(B).

Hence, if

L,(AB)=pAAB)-p(A)p(B)

=(l - 0 (AB) = Xo i^B),
where u= 1 — yjl, then .

p^^^ (AB) =p, (AB) - (0 U(AB)
= p^(AB)-(\-u'̂ ^^)U(AB):

Therefore,

= 2 (AB)p^.-i, (ab) + p„-.^ (Ah) (aB)]
= -2 (1 —m"-i) [pa (AB) Lo (ab) + p^ (ab) La (AB)

+ Po (^i>) La(aB) + p^(aB) Lq (Ab)]
; + 2 (1 - W-^)^ [Lo (AB) Lo (ab) + U (^b) U (aB)].
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The proportion of a single heterozygote, say -AASb\ inthe«-th
generation is given by ~

where

= - 2 (1 - M"-i) [po(AB) U {Ab)+p^ {Ab) LMB)]

+ 2 (1 - Lo {AB) Lo{Ab)

and as obtained earlier.

The proportion of a double homozygote, say 'AABB% in the n-th
generation is given by

16

putting the successive values of f's on the R.H.S., we have

«—1

©Zl ~©1
rt=l

+

L

/u""
r=p



where

and
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+ a
r=l

«—2

«•-(?

i?M"" = p\-l (AB) = - 2 (1 - M"-l) //o (^5) Lo(^5)

+ (i

§9-

(5)

and iJn*"'

have been obtained earlier.

The frequencies of other genotypes can be easily obtained by proper
substitution of suffixes.

The limiting genotypic frequencies are given by

fxr'=~:^p(A)p(.a)p(B)p(,b)

' W'='̂ -Y^P'(A)p{B)pib)

+ (a)p(B)p(b)

f,r'=^pHA)pHB) +
2-x

{p(A)p(b) + p(a)p(B)}

X p (A)p (a) p (B) p (b).

This shows that limiting gejaotypic frequencies are independent of the
frequencies in the initial population and are in equilibrium.

Three factors: A-a, B-b, C-c.—The frequencies of occurrence of
genotypes, say 'AABBCC (triple homozygote), 'AABBCc' (single
heterozygote), 'AABbCc' (double heterozygote) and 'AaBbCc' (triple
hetcrozygotc) in the n-th generation are given by

(6)
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and

+ + /U2'"^") +^4/iu<"""

/2u'"> = Hr ^Au'"-"

All'"' = J'i^iii'"' + ^Au'"- '̂

where the values of i?'s are given as follows:

i?222"'' = p\-i (ABC)

J?22i'"' = 2p„^i(ABC) p^^i(ABc)

i?2ii"" = 2 [;7„-i (ABC)p„^:_ (Abc)+p„-i (ABc)p„.j_(AbC)]

i?iu"" = 2 (^-eC)j7„-i (aZ)c) + ;>„_i (a6C)

+ p„-i (AbC)p„-i (aBc) + p„^i (aBC)p„^j_ (Abe)]

\

(7)

where Pn (ABC) are the gametic frequencies of the gametes (ABC), etc.,
in the n-th generation and are given by

• ' 3

(ABC) ={x+y^p„ (ABC)+ (I) 2] (̂^)i'" ^^C), etc.

Let

then,

fftctors

L„ (ABC) = p^ (ABC) - Zp (A) L„(BC) -p(A)p (B)p (C)

L, (ABC) =(x + (ABC)

+ (^Q +p(B)p (C)}

- 2] (x +0 L„.i (BC)-p (A)p(E)p(C)
= u£„-i (ABC) = v\Lo (ABC)
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where

u = X + yjA.

Therefore,

(ABC)==v .p, {ABC)+{^^ 2] P

=Mp„ {ABC)-{-^p{A)p{B)p{C)-^.LMBC),

which in terms of the initial values is

p„+,(ABC) = W+^poiABC) + (1 - u''^^)p(A)p{B)p(C)

• - (m"+i --y+i) Lo
« •

where

u^x + yl2.. .

v = x + yl4. - • ~

In the limiting case, when n-^oo,

p„(ABC)^piA)p(B)p(C)

which shows that the gametic frequency is equal to the product of the
proportions of the corresponding genes taken separately.

Substituting the values of p„{ABC), etc., in (7) we can obtain the
values of R's in terms of the values in the initial population.

Let be defined as the frequency of any i-factor heterozygote,
i.e., a genotype in which /-factors are in heterozygous state and the
remaining,homozygous (i=0, 1, • • • /b), in the K-th generation of a mixed
selfing and random mating population and iji, as the resulting propor
tion of the corresponding genotype in «-th generation when there is
only random mating in the (« —l)-th generation. j, ,

Further, let ^<.,'"'(.'^7) be defined as the sum of the proportions
of those /-factor heterozygotes in the n-th generation which would give
rise to the desired y-factor heterozygote in the next generation when
subjected to self-fertilization, e.g., and are the propor
tions of those two factors heterozygotes AABbCc and AaBBCc in
{n — l)-th generation which can giye rise to the single heterozygote
'AABBCc' in the next generation when sclfed. Therefore in this casQ
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The frequency of the occurrence of genotype 'AABBCC in «-th genera
tion is given by

where

-•Cij = X. ; i ^ 7=4), 1,2 • • • k, A;=number of factors.

In the new notation this can be. written as

=>"Ao.o<"' + + C2o^42.o'"-"

+ ^309^3.0.'"- '̂ (8)

where lAi.y's are similar to ^i./s with the only difference that /'s in
are to be replaced by corresponding i?'s. The values of ^,./s and ^(./s
will be different for different genotypes. For particular homozygote
'AABBCC, '

9^0.0^"- '̂ =/222"-^' = W"-''

+/l22"'-^' +/212'"-^'

=/2U<"'- '̂ +/U2<"-^'

Now-

= /221<"- '̂ +/122 + /212<"'-1',

patting the values of /'s

+ 831.0^43.0'"-'"

= + Cu^i.o'"^''+ W2.0"-''+ S3,.0<^3.0"'"'"

where

s„., =Q_ I) •Cr.; >5>?=0, 1, 2•••A:, A: =number
of factors.

8rr,( = <^rr>

similarly

^42.0"-'' = J'Aa.o'"- '̂ + +:S32.o^43.o<"""

= 7^2,0"-" + C82^,o'"- '̂ + 832.0^43.0'"^ '̂. -
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Putting the successive values of < '̂s in (8), we have

. = J F(Coor + (Coo)Vo.o"" +
n^l

2
r=0

n—1

2+ J 27
r«l

+ |c20tt)Q2'"' -l- 821.0^10^ 2 ^<f>2.0

+ y 1^20 2
•. r=l

+ 7

11—2

+ 821.0^10 S 'A2.o'""'̂ ' 2 (C22)'̂ "'"Jol'*'
r=l •=!

fi-2 r

2; 2
r=l •»!

n—1

C30 2:>03'"'/'3.o'"'- '̂
, r=l

+ jcsoCDoa'"' + 2 Sgi.oCjo 2 (<^33)" '
I i=l,2 r=l

+ 832.0S21.0C10 "2 2 (C33)"- (C22)'-''«'0i"4 <^3.0'"'

+ . ^ ^3.0^"-'̂ S (<^33) ^
<=1,2 f^i •=!

+ S32.0W10 i (Cssr (C22r'"'oi'''
r=l <=1 «=l

(9)

where

*' Cu - c,.,

This will give us the genotypic frequency ofany homozygote in the «-th
generation. The values of ^i,./s and ^<./s to be put in the R.H.S. of
(9) will depend upon the homozygote whose frequency is required.

The frequencies of other genotypes can \>e derived from (9) itself
by proper substitution of suffixes. Thus, the frequency, <f>i (n), of any
single factor heterozygote will be ,
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+yC21 5 «"l2"V2.l'"""'+|c3ia.i3<'')+S32.iCji

XFa>12'̂ '(C33)"—1

+ >' C31 S + S3s.i<^2i
r=i

X"i; Z (C33)T'a.i2'»Vg.5<''-'-'-i)
r=i «=i

similarly,

h = J' £ (022)^2.2'"- '̂ + (^22)^2.2"" + C32'"23'"¥3.2""

+ JC32 2* '"2s"¥3.2'""''-
r=l

and

^3'"' = J Z" + (Cj3)"^43.3

So far \^e have obtained the genotypic frequencies in the n-th generation
for one, two and three independently segregating factors with arbitrary
initial population. As the number of factors increases, the algebra
becomes more cumbersome and the recurrence relations for gametic
frequencies itself get more complicated even for random mating. As
silch it was not feasible to work out the genotypic frequencies in the
general case of ^-factors for arbitrary initial population. The results
for the particular case of panmictic initial population are discussed
in the next section.

Genotypic Frequencies and the Association of Factors for the
Panmictic Initial Population 1 \ .

The initial population considered is

,rP {p^ (A). . AA +-2p (A)p id) . Aa+p^ (a) . aa] (10)
With this as the initial population the gametic frequencies under mixed
selfing and random mating will not change from geheration to genera-
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tion and will be the same as in the initial population becasue Lq
Lo(ABC); etc., will vanish and therefore,

... = ... = //«>,,•. ...

where ....'s are given by (10).

Single factors, k = 1.—The initial genotypic frequencies are given
by (A) . AA + 2p (A)p.(a) . Aap^ (a) . aa. Substituting these
values in (1), we have

1-1^
2-x

p{A)p{a)

] •
(11)

The frequencies in equilibrium are already given in (2).

Two factors, k = 2.—Substituting the values of initial genotypic
frequencies given by (10) for k = 2, in (3), (4) and (5) we have

ir 3;c
"I O

/• (n) _ f (0)
722 — /22

n
+

4-x

/u'"'

(12)

/u'"'

(13)

(14)

The frequencies in the limiting case are independent of the initial
frequencies and are already given in (6).

Three factors, k = 3.—Since the values of i/i's in the case of pan-
nijctic initial population don't change with n, i.e., are equal to
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therefore, the equation (9) becomes,

<=0 r«=0

where

«/•" =-r^ (1 - c„") + (c,,)", •
1 Orr

similarly,

E Zi (-2)" C-1)
id i-=l

and

= as'")

From these equations it is evident that in the case of three indepen
dently segregating factors, the frequency of any^-factor heterozygote
(7 = 0, 1, 2, 3) is given by

=Ei G)'"C-'/) "5)
i=i r=i

and in the limiting case

A- Qf('r<'«
i=j r=i

The genotypic frequencies obtained earlier for one and two segregating
factors can also be written in this form.

k-Factors.—From the genotypic frequencies obtained for one, two
and three factors it can be deduced that the genotypic frequency of any
>factor heterozygote with mixed selfing and random mating in different
generations, in the general case of independently segregating factors
is .given by



mixed self-fertilization AMD RANDOM MATING . 107

k i

=LL (0'" G-'i)
i=l r=i

h-l

=): rw, fiy T. (~^ (-')• (17)

where

= sum of the genotypic frequencies in the initial popula
tion of those r-factor heterozygotes which would
give rise to the desired j-factor heterozygote in
the next generation; when self-fertilized.

X = proportion self-fertilized.

j = (1 —X) = proportion cross-fertilized at random.

In the limiting case, the frequency of any jr-factor-heterozygote is given
by

k-l r . •

=E EC)r=0 .-0 V ^

These frequencies are seen to be in equilibrium. The excess of the
genotypic frequency in equilibrium of any y-factor heterozygote (j = 0,
1, 2 k) over the product of equilibrium frequencies for genotypes
at the separate loci is given by .

(Aa, Bb ••• Jj; n, ••• KK)- hp^ (Aa) n'p„ (11)

(19)-(A)'(4^)'
which shows that in equilibrium the genotypic frequency is not equal
to the product of the genotypic frequencies at separate loci.

It has also been shown that for an arbitrary initial population
with one, two.and three independently segregating factors, the limiting
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frequencies are independent of the initial genotypic frequencies and
are in equilibrium. These depend onjy on the gene frequencies and
the proportions of self-fertilization and thus are the same as obtained
for the panmictic initial population having the same gene frequencies.
While this study could not be extended beyond ^ = 3 for arbitrary
initialpopulation, it wouldappear that the conclusion holds in the general
case of ^^-factors.

Mean and the Genotypic Variance

In any breeding programme it is equally important to have an idea
of the variability that will be present in the population in successive
stages of breeding as is the knowledge about genotypic composition.
Work has already been done in this direction for populations subjected
to only one system of breeding, e.g., self-fertilization or cross-fertiliza
tion. But there does not seem to be any study made so far in the case
of populations experiencing mixture of breeding systems. An attempt
has, therefore, been made here to fill the gap to some extent by obtain
ing mean values and the genotypic variance in successive generations
of a population undergoing mixed selfing and random mating.

In the discussion that follows, in addition to the assumptions made
earlier, it has also been assumed that factors or loci are additive in
action. This assumption is justified on the consideration that actions
of genes can be made additive approximately by suitable transforma
tion of the scale and even if there is small deviation from additivity it
would show effects similar to those of environments (Fisher, 1913).

For the purpose of present study the initial population has been
taken as -

n [p^(A) .AJ-h2p {A) p (a) .Aa + p'- (a) . ad].

Single factor, k = 1.—Let da, h„ —</„ be the average effects of
three genotypes AA, Aa, aa respectively. for the gene pair A-a,
measured from the mid-parental value. Then the mean /x„ (A) in the
«-th generation is given by

where /j'"', /o'"' have been obtained earlier in (11).
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Therefore,

Mn (^) =. p (^) —P (a) d, + '2-p {A) p (a) K (1 —2z„)

= H{^)-'^z„p{A)p(a)K . (20)

where

1 - f^\
z„ = , for all n and x

and the genotypic variance, V„ {A), in the «-th generation is given by

I^n(^) = (•/.'"' +/o<"0 + A'" V - K W

= {1 - 2z„) Fo (A) + 8p(A)p(d) z„d/ + (A)

X p" (a) z„(l — 2z„) h„

where

Vo (A) - 2p{A)p{a){d„ - p {A)-p (a)KY _
+ Ap^{A)p-'{a)L^

No dominance; {h = 0).—In the absence of dominance

{/if (-4)}«s = p {A) — p (a) d„ = {/tio {A)\i

where the suffix 'ad' stands for absence of dominance and

{F.MU ^ •2p(A)pta)d,'
1 --^2

-m
1^-1

{Vo(A)U
1 -

In the limiting case

(21)

(22),

(23)

{(.A)%, = P P ^^(24)2-x'

In. the absence of dominance, therefore, mean does not change
and retains its initial value, whereas the genotypic variance increases
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from generation to generation and also with the increase in the per
centage of selfing.

Complete dominance (K = da):

K {p(A) .-p {a) + 2p(A)p(d)(l - 2z„)} d,

= {i«o (A)}cd - 4z„ p (A) p {d) da (25)

where suffix 'cJ' stands for complete dominance.

{V„(A)},a = (1 —2z„) {Fo (A)},a + ^z„p (A) p (d)
+ ^pHA)pHd)z„(l-2z„)da^

{Vo(A)h,==4p'(d){l-p^(a)}d,'

Hence,

{V„(A)U = {Vo (A)la + 8p(A)p {d)
X (A) - p id) + 2p(^) (a) (1 - z„)} (26)

{V„{A) - V,^.^{A)},a

=-8p{A)p{d)dJ'{z„-

X {1 - 2p^ {a) - 2p (A) p id) (z„+z„-.,)}

= %p{A)p{a)da^ {z„-z„^{)

X {p(A) —p(a) + 2p (A) p (d) (1 —z„ —

It is evident from theseequations that in the presence of dominance,
the meanvalue decreases with the increase in the number of generations
and also with the increasing percentage of selfing.

The genotypic variance decreases with the number of generations
if p^ (d) > i.e., proportions of recessives in the initial population
is equal to or greatk" than one half. It increases steadily in successive
generations if p (d)^

The influence of gene frequency and proportion of selfing on geno
typic variance for different generations (« = 1, 2, 3 and oo) relative to
the initial genotypic variance is given in Table I.

Two factors, k = 2.—The mean^„(^, B) and genotypic variance
Fn(A, B) in the «-th generation for two pairs of genes A-a and
B-b is given by

(A, B) = -/o/'") da +
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where

A =/22 + ./2X +/2O'' etc.

h jj.„ (A) + (B)
= ^lo (A, B) - 42,. {p(A)p (a) ha+p .(B) p (b)h]

where d^, hi, —d^ are the average effects of genotypes BB, Bb, bb for
the gene pair B-b, measured from the mid-parental value.

F„{A, B) = 'i: [{ /a."" + /o."" - dj
+ A.*"' (1 -fi.n ha' - IdXA^HUr' -foP)
+ 2/,A f/u'"'- A<"'/.r)]

= F„ (A) + V„ (B) + 8A„j? (A) p (a)p (5) p {b) Kh

where

A. = biir
0-0

and is depicted graphically in Fig. (1) for different values of n and per
centage of selling. A„ measures the difference between the frequency

L -lO

0. 20 40 60 80 100

Percenta.ge SeLj-JertUi^aiion
Fig. 1. Effect of proportion of selfiing on 'A„' in different generations.



Table I

Influence of the gene frequency andpercentage selfing on the relative change in the genotypic variance (V„ -
in different generations {n) from segregation of onefactor subject to complete dominance (d = h •

Vo))/V,

= 1)

Percentage selling
q=PW n -

10 ;;;20C•:•' 30 40 50 60 70 80 90 . 100

•1 1 0-443 0•883 1-318 1-749 2-176 2-599 3-018 3-433 3-843 4-250
2 0-465. 0-970 1-512 2-091 2-704 3-350 4-027 4-372 5-465 6-222
3 0-466 0-979 1-542 2-159 2-835 3-572 4-374 • 5-240 6-172 7-169
00 0-467; 0-980 . 1-547 2-176 2-879 3-668 4-560 5-576 6-742 8-091

•2 1 0-190 0-377 0-560 0-740 0-917 1-090 1-260 1-427 1-590 1-750
2 0-199 - 0-414 0-641 0-882 1-133 1-394 1-662 1-938 2-217 2-500
3 0-200 0-417 0-654 0-910 1-187 1-482 1-798 2-132 2-482 2-844

00 0-200 0-418 0-656 0-917 1-204 1-520 1-871 •2-259 2-690 3-167

•3 1 0-104 0-205 0-303 0-399 0-492 ' 0-582 0-676 0-755 0-837 0-917
2 0-109 0-225 0-347 0-474 0-604 0-738 0-873 1-008 1-143 1-274
3 0-109 0-227 0-353 0-488 0-632 0-783 0-940 1-102 1-266 1-427

00 0-109 0-227 0-354 0-492 0-641 0-802 0-976 1-162 1-360 1-564

•4 1 0-060 0-117 0-172 0-226 0-277 0-326 0-372 0-417 0-460 0-500
2 0-062 0-128 0-197 0-267 0-338 0-408 0-478 0-546 0-610 0-670
3 0-063 0-130 0-200 0-275 0-352 0-432 0-512 0-591 0-666 0-734

00 0-063 0-130 0-201 0-277 0-357 0-442 0-530 0-619 0-707 0-786
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of double heterozygote in «-th generation for two independent loci
and the product of the frequencies of single heternzygotes at these two
individual loci expressed as a multiple o^:Ap {A)-p {a)p {B)p{b),

X„ is a non-negative quantity which vanishes for = 0, j = 1, i.e.,
complete cross-fertilization and for = 0, x = I, i.e., complete self-
fertilization.

It is obvious from the expressions for mean and the genotypic
variance that mean value due to two factors segregating independently
in a population undergoing mixed self-fertilization and random inating
is equal to the sum of the means due to each factor separately, whereas
in the case of genotypic variance in addition to the sum. of variances
due to each factor separately, there appears another term which
vanishes in the case of complete cross-fertilization, complete self-ferti-
lization or in the absence of dominance.

Thus the usual, assumption that variance due to independently
segregating factors is equal to the sum of variances due to each factor
separately is subject to limitations—viz., it holds good only when the
population is experiencing only one system of breeding or when there
is no dominance. . . -

No dominance: (/;„ = = 0) :— ,

and

{A, B\a = K {A, B)},a = Sp{A)~ p(a)

.-(ir
iV.iA, B))., = 4 {Sp (A)p (a) J.'}

~(r-2. ^2." {V, (A, £)),.•

In the limiting case

{(A, =^4^ {Vo {A, B)U
Therefore in the absence of dominance, the genotypic variance increases
steadily as the proportion of self-fertilization increases. It ^so increases
in successive generations for a given amount of self-fertilization.
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Complete dominance: {ha = (!„; hi —di).—Let us assume that the
genotypic vahies and gene frequencies :of the two factors are equal,
i.e.,

da = dt = d, say

p{a)=p{b) = ?, say

then,

(A, B)},a = 2{p- q + Ipq - Apqz„} d, where p = I - q,

and

. {F„{A, B)U = 8 [^^(1 - q") + 2pqz^ {p - g + 2pq (1 - ^»)}]

Xd^+SpYKd\

where Sp^q^d^X„ is the additional increase due to mixture of breeding
systems.- This additional increase relative to the total genotypic
variance in different generations («=-l, 2, 3 and oo) is given in
Table II for different values of equal gene frequency 'q' and"'x' the
fraction self-fertilized.

- So far we have discussed the mean and genotypic variance in suc
cessive generations for one and two independently .segregating; factors
both in the absence of dominance and complete dominance. The
mean and genotypic variance in the «-th generation in the general case
of :k\ independently segregating factors is given by

and

==I:{piA)-p{a)d, + 2p(A)p(d)(l -2z„)K} ;

' :^i!ix„iA)=iMo(A,B,---,K}-4z„ SpiA)p(a)h,

k Kcj

V„ (A, B,---,K) = i; v„ (^) .+ 8K i;p (A)p (a)p {B)p (b)hA,

Assuming the genotypic values and gene frequencies of different
factors involved to be equal such that; . "• ,3

da = di = = dk = d, say, .• ;

ha = hy = • • • = hu = h, &ay,

p.(d) = p(b) p(k) = q, say, then.
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(0 In the absence of dominance Qi = 0) mean does not change
and retains its initial value, and the genotypic variance is given by

1 —

{V„ {A, B, K%i =—2 ^ X ' ^kpq(P.
This increases from generation to generation and also with the increasinj
amount of self-fertilization in any given generation.

(«) In the presence of complete dominance {h = d), the mean
and genotypic variance is given by

{/x„ {A,B, •••, K)}ei = {no {A,B, •••, K)}ta —Apqkd • z„

which decreases in successive generations and also for increase in the
proportion of self-fertilization, and

{V„iA,B,---,K)U

= Akd} [q^ (1 - q^) + 2pqz„ {p - q + 2pq (1 - z„)}]
+ 4k{k-l)p^qWX„.

The additional increment due to mixture of breeding systems,
relative to the total genotypic variance is

qHl - q^y+2pqz„ (p - q 2pq - 2pqz„) + {k - \)pYK '

The relative additional increments in different generations for ^ = 4
and k = 6 have been tabulated in Tables III and IV, whereas for
k = 2, these increments are given in Table II.

It is evident from these tables that:

if) the additional relative increments increase with factors;
(h) are higher for intermediate gene frequencies than for the extreme

values; and

(iii) are higher for intermediate proportions of self-fertilization
than for extreme values.

The increment for a given amount of self-fertilization reaches its
maximum very rapidly and there is relatively small increase thereafter.

The maximum values of these additiopal increments up to six
factors are given in Table V. The maximum additional increase for

= 6 is of the order of 18% of the genotypic variance,



Table IV

Additional increment in genotypic variance due to the mixture of breeding systems relative to the total genotypic
variance in different generations (n) in the case of complete dominance (d = h = 1), for six independently

segregating loci (k = 6)

Percentage selfing

10 20 30 40 50 60 70 80 90

•I 1 0-060 0-080 0-085 0-082 0-074 0-064 0-051 0-036 0-019
2 0-066 0-095 0-107 0-109 0-104 0-094 0-079 0-058 0-032
3 0-066 0-097 0-111 0-116 0-114 0-106 0-091 0-070 0-040

oo 0-066 0-097 0-112 0-118 0-118 0-112 0-100 0-079 0-048

•2 1 0-059 0-088 0-101 0-103 0-098 0-087 0-072 0-052 0-028
2 0-066 0-106 0-130 0-141 0-142 0-133 0-116 0-089 0-051
3 0-066 0-109 0-135 0-150 0-156 0-151 0-136 0-109 0-065

oo 0-066 0-109 0-136 0-153 0-161 0-160 0-149 0-124 0-080

•3 1 0-052 0.-082 0-098 0-104 0-101 0-093 0-078 0-058 0-032
2 0-058 0-100 0-128 0-144 0-150 0-146 0-131 0-104 0-062
3 0-058 0-102 0-134 0-155 0-166 0-167 0-155 0-128 0-080
oo 0-058 0-102 0-135 0-158 0-172 0-177 0-170 0-147 0-099

•4 1 0-043 0-071 0-087 0-095 0-095 0-088 0-076 0-057 0-032
. 2 0-049 0-087 0-116 0-135 0-144 0-144 0-132 0-107 0-065

3 0-049 0-089 0-122 0-146 0-161 0-165 0-158 0-134 0-086
oo 0-049 0-090 0-123 0-149 0-167 0-176 0-174 0-155 0-107

o
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Table V

Maximum values of the additional increment uptosixfactors relative to thegenotypic variance
in different generations {n)

n

9

Percentage
selfing

Maximum
values %

12 3 CO

0-,3 0-3 0-3 0-3

40 50 55 60

2-25 3-41 3-85 4-12

V

1 .2 3 oo

0-3 0-3 0-3 0-3

40 . 50 55 60

6-47 9-59 10-72 11-43

1 2 3 ' oo

0-3 0-3 0-3 0-3

40 50 , 55 . 60

.10-35 15-03 16-68 17-70
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Summary

In the present paper a study has been made of the plant popula
tions experiencing self and cross-fertilization at random, in respect
of their genotypic composition, their approach to equilibrium, mean
values and genotypic variability in successive generations in the general
case of several independently segregating factors.

Regarding the genotypic composition, the study has been made
upto three factors for the arbitrary initial population which has been
extended to the general case of fc-factors for thepanmictic initial popu
lation. lai the former case it has been observed that the limiting geno
typic frequencies are independent of the initial frequencies and depend
only on gene frequencies and amount of self-fertilization and are in
equilibrium. The equilibrium frequencies in the general case of
Mactors in an arbitrary initial population would, therefore, seem to
be the same as obtained for the panmictic initial population with the
same gene frequencies.

The expressions for the mean and genotypic. variance in the
wth generation have been obtained for the panmictic initial popu
lation in the general case of fc-factors. It is observed that usual
assumption that the variance due to several independently segregat
ing factors is equal to the sum of the variances due to each factors
separatelydoes not hold good in the case of mixed selfing and random-
mating population and is true only when there is either one breeding
system in operation or when there is no dominance. It is, therefore,
evident that trend of changes in the genotypic variance due to several
factors cannot be predicted from the behaviour of a single factor
because of the appearance of an additional term in the expression
for the genotypic variance.
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